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Abstract. Let L be a holomorphic line bundle over a compact com- 
plex projective Hermitian manifold X. Any fixed smooth hermitian 
metric 4> on L induces a Hilbert space structure on the space of global 
holomorphic sections with values in the fcth tensor power of L. In this 
paper various convergence results are obtained for the corresponding 
Bergman kernels (i.e. orthogonal projection kernels). The conver- 
gence is studied in the large k limit and is expressed in terms of the 
equilibrium metric (pe associated to the fixed metric 0, as well as in 
terms of the Monge- Ampere measure of the metric (f> itself on a cer- 
tain support set. It is also shown that the equilibrium metric is C^'^ 
on the complement of the augmented base locus of L. For L ample 
these results give generalizations of well-known results concerning the 
case when the curvature of (j) is globally positive (then <^e = 0)- In 
general, the results can be seen as local metrized versions of Fujita's 
approximation theorem for the volume of L. 
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1. Introduction 

Let L be a holomorphic line bundle over a compact complex projective 
manifold X of dimension n. Fix a smooth Hermitian fiber metric, denoted 
by 0, on L and a smooth volume form a;„ on X. The curvature form of the 
metric may be written as dd'^(j) (see section [L4l for definitions and further 
notation). Denote by TC{X,L'') the Hilbert space obtained by equipping 
the space H^{X,L^) of global holomorphic sections with values in the 
tensor power L'^ with the norm induced by the given metric on L and 
the volume form Un- The Bergman kernel of the Hilbert space T-C{X,L^) 
is the integral kernel of the orthogonal projection from the space of all 
smooth sections with values in L'' onto 7^(X, L''). It may be represented 
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by a holomorphic section Kk{x, y) of the pulled back line bundle L^ML 
over X X X (formula I4.ip . 

In the case when the curvature form dd'^cj) is globally positive the as- 
ymptotic properties of the Bergman kernel Kk{x,y) as k tends to infinity 
have been studied thoroughly with numerous applications in complex 
geometry and mathematical physics. For example, Kk{x,y) admits a 
complete local asymptotic expansion in powers of k; the Tian-Zelditch- 
Catlin expansion (see |371 [8] and references therein). The point is that 
when the curvature form dd'^cf) is globally positive, the Bergman kernel 
asymptotics at a fixed point may be localized and hence only depend 
(up to negligable terms) on the covariant derivatives of dd'^cp at the fixed 
point. 

The aim of the present paper is to study the case of a general smooth 
metric on an arbitirary line bundle L over a projective manifold, where 
global effects become important and where there appears to be very few 
previous general results even in the case when the line bundle L is ample 
(and even when X is a complex curve) . We will be mainly concerned with 
three natural positive measures on X associated to the setup introduced 
above. In order to introduce these measures first assume that the line 
bundle L is ample. The first measure on X to be considered is the 
equilibrium measure 



where 0e is the equilibrium metric defined by the upper envelope 13. II (i.e. 
(f)e{x) = sup0(x), where the supremum is taken over all metrics 4> < 4> 
with positive curvature). For example, when X is the projective line 
and L is the hyperplane line bundle 0{1) the measure jj,^ is a minimizer 
of the "weighted logarithmic energy" [3^. Next, the weak large k limit 
of the measures 



where Bk{x) := Kk{x,x)e '"^ will be referred to as the Bergman function 
is considered and finally the limit of the measure 



often referred to as the kth Bergman volume form on X associated to 
(L, 0) (and k~HnKf:{x,x) is called the kth Bergman metric on L). 

When L is ample it is well-known that the integrals over X of all three 
measures coincide. In fact, the integrals all equal the integral over X of 
the possibly non-positive form (dd^cp)"' /n\, as is usually shown by com- 
bining the Riemann-Roch theorem with Kodaira vanishing. The main 
point of the present paper is to show the corresponding local statement. 
In fact, all three measures will be shown to coincide with the measure 



/i0 := {dd^(j)eT/n\, 



(1.1) 



k~''BkUj, 



{dd%k-HnKk{x,xW/n\, 
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Figure 1.1. In the toric case (see example 1 5. 2 1) the metric 
is represented by a function on R" and the graph of the 
equihbrium potential 0e (the dashed line) is obtained as 
the convex hull of the graph of (p. The set D is then the 
projection of the set where the two graphs coincide. 



In the case when the metric has a semi-positive curvature form, 0e = 0, 
i.e. the set D equals all of X. 

Before turning to the the statement of the main general results, note 
that when L is not ample, the main new feature is that the equilibrium 
metric 0e will usually have singularities (i.e. points where it is equal to 
—oo) and its curvature dd^(l)e is a positive current. However, as is well- 
known it does give a metric on L with minimal singularities. Such metrics 
play a key role in complex geometry (compare remark [331) . Similarly, the 
Bergman metric k~HnKk{x,x) is singular along the base locus Bs(|A;L|) 
of L, i.e. along the commun zero-locus of the sections in if°(X, L^). 
Still, the convergence results refered to above in the case when L is 
ample will be shown to hold provided that the measures are extended by 
zero over the singularities. Then integrating over X gives new proofs of 
Boucksom's version of Fujita's approximation theorem for the volume of 
the line bundle L [221 [TO] and its interpretation in terms of intersection 
of zero-sets of sections in H^{X,L^) by Demailly-Ein-Lazarsfeld [20] . 
Finally, the asymptotic properties of the full Bergman kernel Kk{x,y) 
are studied. 

The present approach to the Bergman kernel asymptotics is based on 
the use of "local holomorphic Morse-inequalities", which are local ver- 
sion of the global ones introduced by Demailly [I5]. These inequalities 
are then combined with some L^— estimates and global pluripotential 
theory, the pluripotential part being based on the recent work [24] by 
Guedj-Zeriahi. Conversely, it turns out that several basic, but non- 
trivial, results in pluripotential theory may obtained as consequences 
of the Bergman kernel asymptotics (compare for example remark [3^ . 
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A crucial step is to first show the C^'^-regularity of the equilibrium 
metric 0e on the complement of the augmented base-locus B+(L), which 
should be of independent interest. 

1.1. Statement of the main results. Assume that (L, 0) and (^f) 
are smooth Hermitian line bundles over X and denote by E{k) the twisted 
line bundle L'^ ® F. The equilibrium measure on X (associated to the 
smooth metric (f) on L) is defined as the positive measure 

fJ'<j> ■= lu{L){d<f(j)eY/n\, 

where U (L) is the open set in X where is locally bounded (see section 
[3l). The first theorem to be proved is used to express /i<^ in terms of 
{dd'^(t)Y on the set D (formula 11.21 above). 

Theorem 1.1. Suppose that L is a big line bundle and that the given 
metric (f) on L is smooth (i.e. in the class C^). Then the equilibrium 
metruc 0e locally in the class C^'^ onX — B_|_(L) i.e. 0e is differentiable 
and all of its first partial derivatives are locally Lipschitz continuous there. 
Moreover, the equilibrium measure satisfies 

fi^nl = lx-B+iL){dd''(f)eT = lD{.dd^<PT = lDnx{o){dd^(pT 
in the sense of measures, where X{0) is the set where dd^cj) > . 

The regularity theorem is essentially optimal (compare the examples 
15.21 and 15. 3p . The next theorem which should be considered as the main 
result of this paper gives that, in general, the measure k~"'BkUJn intro- 
duced above (formula ll.ip converges to the equilibrium measure 

Theorem 1.2. Let be the Bergman function of the Hilbert space 
n{X,E{k)). Then 

(1.3) fc-"5fc(x) ^ lonxio) det(rfrf^0)(x) 

for almost any x in X, where X{0) is the set where dd'^cp > and D is 
the set \3.3\. Moreover, the following weak convergence of measures holds: 

k "-BfctUn IJ'<j>, 

where fi^ is the equilibrium measure. 

The Bergman function B^ may be interpreted as a "dimensional den- 
sity" of the Hilbert space H{X, E{k)). The asymptotic (normalized) di- 
mension of 7i(X, L^) is called the volume of a line bundle L [3Uj: 

(1.4) Vol(L) := limsupfc-"dimi7°(X,L'=) 

k 

Integrating the convergence of the Bergman kernel in the previous theoorem 
now gives the following version of Fujita's approximation theorem [221110] 
(compare remark for a comparison with closely related expressions of 
Vol(L)). 
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Corollary 1.3. The volume of a line bundle L is given by the total mass 
of the equilibrium measure: 



(1.5) Vol{L)= / 

Jx 

and Vol{L) = precisely when L is not big. 



The following theorem gives, in particular, the weak convergence on X 
of the k th Bergman volume forms (extended by zero over the base-locus 
of E{k)). 

Theorem 1.4. Let be the Bergman kernel of the Hilbert space TC{X, E{k). 
Then the following convergence of Bergman metrics holds: 

uniformly on any fixed compact subset Q of X — ]B+(L). More precisely, 

(1.6) e-'^^'^-'^^^C^^ <Bk< CnA;"e-'=('^-*=) 

Moreover, the corresponding k th Bergman volume forms converge to the 
equilibrium measure: 

lx~Bs{\E{k)\){dd''{k'^lnKk{x,x))Y /n\ 

weakly as measures on X. 

The weak convergence in the theorem above on X — B+(L) is a con- 
sequence of the uniform convergence of the Bergman metrics k~^(j)k on 
compacts of X — B+(L). But to get the weak convergence on all of X 
theorem 11.21 (or rather its corollary II. 3p is invoked. 

For an ample line bundle L it is a classical fact that the volume Vol(L) 
may be expressed as an intersection number L". More generally, for any 
line bundle L over X the intersection of the zero-sets of n "generic" sec- 
tions in H^{X,L'') with X — Bs(|fcL|) (the complement of the commun 
zero-locus of all sections) is a finite number of points. The number of 
points is called the moving intersection number and is denoted by (fcL)["l 
The following corollary was first obtained in pO] from Fujita's approx- 
imation theorem (see [30] for further references). The proof given here 
combines theorem [TH] with properties of zeroes of "random sections" [33] . 

Corollary 1.5. If L is a big line bundle then 

{klY''^ 



Vol{L) = hm 



fc^oo A;" 

The final two theorems concern the full Bergman kernel Kk{x, y). First, 
the weak convergence of the squared point-wise norm of the Kk{x,y) is 
obtained: 

Theorem 1.6. Let L be a line bundle and let be the Bergman kernel 
of the Hilbert space Hi^X, E{k)). Then 

k'"" \Kk{x,y)\l^ujn{x) Aujniy) ^ A A fi^ , 
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as measures on X x X , in the weak *-topology, where A is the current 
of integration along the diagonal in X x X. 

Then a generalization of the Tian-Zelditch-Cathn expansion [3?j for 
a globally positively curved line bundle is shown to hold for any (big) 
Hermitian line bundle L over a compact manifold X : 

Theorem 1.7. Let L be a line bundle and let be the Bergman kernel 
of the Hilbert space 7i(X, E{k)). Any interior point m D nX(0) — IB+(L) 
has a neighbourhood U where Kk{x,y)e~'''l'^^^^'^e~'^'^'^y'^^'^ (with x,y in U ) 
admits an asymptotic expansion as 

(1.7) r(det(rfd"0)(a;) + hi{x, y)k-^ + 62(0;, y)k'^ + ...)e'='^(^'^), 

where hi are global well-defined functions expressed as polynomials in the 
covariant derivatives of dd^cf) (and of the curvature of the metric uj) which 
can be obtained by the recursion given in |8]. 

Note that O] in theorem O implies that Kk{x,y)e-^'f'^''^/^e-^'i'^y^/^ = 
\Kk{x, y)\f^^ is exponentially small as soon as x or y is in the complement 
of 

Remark 1.8. The assumption on (j) may be relaxed to assuming that (f) 
is in the class C^'^. For example, the proof of the regularity theorem 
11.11 still goes through and the local Morse inequalities (lemma 14.11) still 
apply (almost everwhere on X). Moreover, all results remain true (with 
essentially the same proofs) if X is only assumed to be Moishezon, i.e. 
bimemorphically equivalent to a projective manifold (or equivalently, if 
L carries some big line bundle). However, in the remaining cases one 
would have to prove that lodet^dd'^cj)) = almost everywhere on X. For 
example, if {X, u) is a Kahler manifold then this would follow from the 
following conjecture: 

Conjecture 1.9. Let u' be a smooth form cohomologous to the Kahler 
form u. Then the global extremal function Vx,u)' associated to (X, cj') |24j 
(locally expressed as 0^ — 0', where uj' = dd'^cj)') is in the class C^'^. 

1.2. Further comparison with previous results. The present paper 
can be seen as a global geometric version of the situation recently studied 
in [5], where the role of the Hilbert space H{X,L'^) was played by the 
space of all polynomials in C" of total degree less than k, equipped with 
a weighted norm (compare section [5]). For references to previous works 
concerning the complex plane see [5]. The proof of the C^'^-regularity 
of the equilibrium metric (on the complement of the augmented base 
locus of L) is partly modeled on the proof of Bedford- Taylor ^ [29] for 
C^'^— regularity of the solution of the Dirichlet problem (with smooth 
boundary data) for the complex Monge-Ampere equation in the unit- 
ball in C". The result should also be compared to various C^'^— results 
for boundary value problems for complex Monge-Ampere equations on 
manifolds with boundary [IHIIII], intimately related to the study of the 
geometry of the space of Kahler metrics on a Kahler manifold (see also 
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[3T1I9] for other relations to Bergman kernels in the latter context). How- 
ever, the present situation rather corresponds to a free boundary value 
problem (compare remark [3. lOp . 

Further references and comments on the relation to the study of ran- 
dom polynomials (and holomorphic sections) , random eigenvalues of nor- 
mal matrices and various diffusion-controlled growth processes studied in 
the physics literature can be found in [5]. 

1.3. Further generalizations. In a sequel to this paper ^ subspace 
and restricted versions of the results in this paper will be obtained. The 
subspace version is a generalization of the case when the Hilbert space 
H{X, L^) is replaced by the subspace of all sections vanishing to high 
order along a fixed divisor in X considered in the preprint [^. Fixing 
a singular metric 0^ on L (with analytic singularities) the Hilbert space 
H(X, L^) is replaced with the subspace of all global holomorphic sections 
of the twisted multiplier ideal sheaf 0{L^ ®I{k(j)s)) (i.e. the space of all 
sections fk such that the point- wise norm \fkf' e~^'^'' is locally integrable) 
equipped with the Hilbert subspace norm in TC{X, L^) (i.e. the norm 
induced by the smooth metric 0). Similarly, the equilibrium metric (j)e is 
replaced by the metric obtained by further demanding that < 0s + C 
(i.e. that be more singular than 0^) in the definition 13. II of 0e. As a spe- 
cial case new proofs of the results of Shiffman-Zelditch [35] about Hilbert 
spaces of polynomials with coefficients in a scaled Newton polytope are 
obtained. 

The restricted versions are obtained by fixing an m— dimension com- 
plex submanifold V oi X and replacing 7i(X, V') with the restricted 
space H{X,L'')y equipped with the "restricted norm" obtained by inte- 
grating sections over V. Similarly, the equilibrium metric 0e is replaced 
by the metric defined on the restricted line bundle Ly by only demand- 
ing that < on \^ in the definition 13. 1[ The corresponding Bergman 
kernel asymptotics can then be seen as local metrized versions of the very 
recent result in [21] concerning a generalized Fujita approximation theo- 
rem for the restricted volume (i.e. the asymptotic normalized dimension 
oin{X, L^)v). 

Acknowledgement 1.10. It is a pleasure to thank Jean-Pierre Demailly 
and Sebastian Boucksom for several illuminating discussions. Also thanks 
to Frederic Faure for his interest in this work and for drawing the pictures. 
This work was supported by a Marie Curie Intra European Fellowship. 

1.4. General notationQ- Let (L, 0) be an Hermitian holomorphic line 
bundle over a compact complex manifold X. The fixed Hermitian fiber 
metric on L will be denoted by 0. In practice, is considered as a collec- 
tion of local smooth functions. Namely, let be a local holomorphic triv- 
ializing section of L over an open set U then locally, |s^(z)|^ =: e~'^^^^\ 
where (jP is in the class C^, i.e. it has continuous derivatives of order 



general references for this section are the books |23[ fT6] . 
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two. If ak is a holomorphic section with values in L^, then over U it may 
be locally written as ak = fj/ ■ (s'^)®*^, where fj/ is a local holomorphic 
function. In order to simplify the notation we will usually omit the de- 
pendence on the set U. The point-wise norm of ak may then be locally 
expressed as 

(1-8) \c^k\l=\M'e-'t 

The canonical curvature two-form of L is the global form on X, locally 
expressed as (9(90 and the normalized curvature form idd(j)/27i = dd'^cj) 
(where d'^ := i{—d + d)/4:Tr) represents the first Chern class ci(L) of 
L in the second real de Rham cohomology group of X. The curvature 
form of a smooth metric is said to be positive at the point x if the 
local Hermitian matrix { q^.q^. ) is positive definite at the point x (i.e. 

dd^cpx > 0). This means that the curvature is positive when (p^z) is strictly 
plurisubharmonic i.e. strictly subharmonic along local complex lines. We 
let 

X(0) ■.= {xeX : dd^cj)^ > 0} 

More generally, a metric (j)' on L is called (possibly) singular if \(f)'\ is 
locally integrable. Then the curvature is well-defined as a (1, 1)— current 
on X. The curvature current of a singular metric is called positive if 0' 
may be locally represented by a plurisubharmonic function (in particular, 
0' takes values in [— oo, cxd[ and is upper semi-continuous (u.s.c)). In 
particular , any section ak as above induces such a singular metric on 
L, locally represented by 0' = In . If F is a complex manifold we 
will denote by PSH(Y) and SPSH(Y) the space of all plurisubharmonic 
and strictly plurisubharmonic functions, respectively. 

Fix another line bundle F with a smooth metric (pp and consider the 
following sequence of Hermitian holomorphic line bundles: 

E{k) = {L^ ®F,k(t) + (Pf) 

Fixing an Hermitian metric two-form a; on X (with associated volume 
form ujn) the Hilbert space 7i(X, E{k)) is defined as the space H^{X, E{k)) 
with the norm 



(1.9) \Ml{= I |/.re-(^^(^)+^-).;. 



nj-i 



X 



using a suggestive notation in the last equality (compare formula [L8ll . 



2. Preliminaries: positivity and base loci 



Let L be a holomorphic line bundle over a compact projective Hermit- 
ian manifold {X,lj). 
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2.1. Positivity for line bundles and singular metrics. The follow- 
ing notions of positivity will be used in the sequel [19j : 

Definition 2.1. The line bundle L is said to be 

{%) pseudo-effective if it admits a metric 0' with positive curvature 
current: 

dd^cf)' > 

(ii) big if it admits a metric 0' with strictly positive curvature current: 

(2.1) cic/y > euj 

(Hi) ample if it admits a smooth metric 0' with strictly positive curva- 
ture form: 

dd^(j)'^ > 

for all X in X. 

2.2. Base loci. For each fixed k, the base locus of the line bundle E{k) 
is defined as 

Bs{\E{k)\)= fl {/, = 0} 

fk&HO(X,E{k)) 

(or as the corresponding ideal). The stable base locus B(L) of a line 
bundle L is defined [30] as the following analytic subvariety of X : 

M{L) := f]Bs{\kL\) = f| {/, = 0} 

fc>o /fcG-fi'0(js:,Lfe),fceN 

In other words, a point x is in B(L) precisely when there is some section 
fk in H'^{X,L'^), for some k, which is non-vanishing at x. Moreover, the 
augumented base locus B+(L) is defined in the following way [30]. Fix an 
ample line bundle on X. Then 

B+(L) ■.= M{L-eA) 

for any sufficiently small rational number e (suitable interpreted using 
additive notation for tensor products). We will have great use for the 
following equivalent analytic definition of B+(L) introduced in [HI) (and 
there called the non-Kdhler locus) 

(2.2) X - M+{L) = {x e X : 3 big metric 0' on L, smooth at x} , 

in the sense that 0' satisfies 12.11 and is smooth on some neighbourhood 
of the point xH In fact, the equivalence of the definitions is a direct 
consequence of theorem 12.41 below. It amounts to showing that B+(L) is 
the intersection of all effective divisors Ek{= {fk = 0}) appearing in a 
"Kodaira decomposition" 

(2.3) L'' = A^[Ek], 



the condition that (j)' be smooth at x may be replaced by haveing Lelong number 
at X. 
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for some positive natural number k. The point is that give any such 
decomposition 

(2.4) (t>^:=^\n\h\^ + <i>A 

(where 0a is a fixed smooth metric with positive curvature on A) is 
a metric on L with strictly positive curvature current such that 0+ is 
smooth on X — E. The reason for calling B+ the augmented base locus 
is that 

B(L)CB+(L), Pi Bs(|^(A;)|) C B+(L) 

fc>0 

Remark 2.2. It is well-known [H] that a line bundle L is ample precisely 
when B+(L) = and L is big precisely when B+(L) 7^ X. In particular, 
L is non-ample and big pricisely when B+(L) is a non-empty analytic 
subvarity of X). 

2.3. Extension of sections. Let {L'^cpy) and {F',(f)p/) be line bundles 
with singular metrics such that 

(2.5) dd^(j)L' > uj/C and dd''(j)F' > -Cu 

for some positive number Recall the following celebrated theorem 
about L^— estimates for the 9— equation, which is the basic analytical 
tool in the theory [T6] . 

Theorem 2.3. (Kodaira-Hormander-Demailly). Let(j)L' and^ip' he (sin- 
gular) metrics as in \2.5[ Take k' sufficiently large. Then for any d— closed 
(0, l)—form g with values in L''' ® F' such that 

11^11^^^,+,^^, < 00, 

there is a section u with values in L'^' ® F' such that 

du = q and < -;- Ikll^/^ , 

where the constant C is independent of k' and g. 

The following extension theorem is a well-known asymptotic version 
of the Ohsawa-Takegoshi theorem p!9]: 

Theorem 2.4. Let (pi' and (pp' be (singular) metrics as in \2.5[ Fix a 

point X in X and take k' sufficiently large. Then any element in {L^ ® 
F')x such that 

extends to a section in H^{X, L'^ ® F') such that 
(2-6) < C Ml^^,^^^, (x) 

where the constant C is independent of k' and ^^'(x). 

^{F' , (j)F') could also be replaced by a smooth Hermitian holomorphic vector bundle. 



BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR LINE BUNDLES OVER PROJECTIVE MANIFOLDS 



The previous theorem will be used to extend sections from X — B+(L). 
The point is that given any (reasonable) metric kcpL + 0f on L*^ ® F the 
following simple lemma provides a "strictly positively curved perturba- 
tion" ipk to wich theorem 12.31 and 12.41 apply: 

Lemma 2.5. Let (pL be a singular metric on L with positive curvature 
current and let (pp be a smooth metric on the line bundle F. For any 
given point xq in X — B+(L) and k sufficiently large there is a singular 
metric ipk on ® F such that ipk = k'cpy + (ppi with (j)L> and (f)pi as in 
formula \2.5\ and 

(2.7) sup I {k^L + 0f) - ^fc I < C^o 

U(xo) 

for some neighbourhood U{xo) of xq. Moreover, if (pi is a metric with 
minimal singularities (see remark lST^) . for example the equilibrium met- 
ric 0e ( definition \3. then it may further be assumed that 

(2.8) V'fc < (fc0L + 0f) 
on all of X. 

Proof. By the definition of X — B+(L') there is a metric </>+ on L, smooth 
in some U (xq) with strictly positive curvature current on X. Let {F', (pp') = 
{L^-^' ®F, {k- k')(t)L + 0f) and (L',0') = (L,0+), for k' fixed. Then 
^ F = L'^ ® F' gets an induced metric 

(2.9) iJk = {k- k')(t)L + 0F' + 

of the required form for k\< k) sufficiently large, satisfying 12.71 Finally, 
if is a metric with minimal singularities we may assume that (f)+ < (pL 
after substracting a sufficiently large constant from 0+. Then [2781 clearly 
holds. □ 

3. Equilibrium measures for line bundles 

Let L be a line bundle over a compact complex manifold X. Given 
a smooth metric on L the corresponding "equilibrium metric" 0e is 
defined as the envelope 

(3.1) (/)e(x) = sup |0(a;) : G C(^x,l), < onXj . 

where C(^x,l) is the class consisting of all (possibly singular) metrics on 
L with positive curvature current. Then 0e is also in the class C{x,l) 
(proposition l3.3l below) . The Monge- Ampere measure [dd'^cpeY /n\ is well- 
defined on the open set 

U{L) := {x : 0e is bounded onU{x)}, 

where U{x) is some neighbourhood of x (see [21 [28l [24] for the definition 
of the Monge- Ampere measure of a locally bounded metric or plurisub- 
harmonic function). The equilibrium measure (associated to the metric 
(p) is now defined as 



12 



ROBERT BERMAN 



(3.2) ^i^■.= lu(L){dd''(t),Y|n\ 

and is hence a positive measure on X. Consider the following set 

(3.3) D := {0e = 0} C X, 

which is closed by (i) in the following proposition. 

Proposition 3.1. The following holds 
(i) 0e is in the class C(^x.l)- 
{a) lu[L){dd^(peT/n\ = onX -D. 
{Hi) D g{x: dd''(j)^ > 0}. 

Proof, (i) is obtained by combining theorem 5.2 (2) and proposition 5.6 
in [21]. 

The property (ii) is proved precisely as in the local theory in C"^ (com- 
pare lemma 2.3 in the appendix of [32]). Indeed, it is enough to prove 
the vanishing on any small ball in X — D. For an alternative proof, using 
Bergman kernels, see the remark below. 

To prove (Hi) fix a point x where dd'^cj)^ < 0. Then there is a positive 
number e and local coordinates z centered at x such that (g^)(C) 0, 0)) < 
e (with Zi = () for ( in the unit-disc A. Now take a candidate for 
the sup O and let ^',(0 := 0(C, 0, 0) - 0(C, 0, 0) - e |C|^ . Then 
i^eiC) < ~e on dA and > on A. Hence, the submean inequal- 

ity for subharmonic functions (or the maximum principle) applied to ipe 
gives 0(x) — 0(x) = ^e(O) < — e. Taking the sup over all candidates 
then gives 4>e{x) — (j){x) < — e which proves the proposition. □ 

Remark 3.2. As will be shown below 0e is in the class and its sec- 
ond derivatives exist almost everywhere and are locally bounded on 
X — B+(L). Hence, one could also take 1x-b+{l) det {dd'^(j)e)uJn as a some- 
what more concrete definition of the equilibrium measure on X (which a 
posteriori anyway gives the same measure on X, according to theorem [331 
below). It is interesting to see that the vanishing of 1x-b+(l) det {dd'^(j)e)uJn 
on X — D (corresponding to (ii) in the previous proposition) becomes a 
corollary of the proof of theorem 14.61 (which is independent of the proof 
of (ii) in the previous proposition). 

Proposition 3.3. The following properties of equlihrium metrics hold 
{i) {m(f))e = m0e 

(a) Let (pA be a metric on a line bundle A such that dd^cpA > 0. Then 

{Hi) Assume that L is big and let (pp be a smooth metric on a line bundle 
F. Then for any compact subset of X — M^{L) there is a constant C such 
that 

C lie 

0e < (0 H 4>F)e 0F < 0e H 

m m m m 

for all positive natural numbers m. 
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Proof, (i) is trivial. For (ii) note that 0e + 0a is a contender for the sup 
in the definition of (0 + 0A)e- Hence, for x in we get 

+ (f)A{x) = (t)e{x) + (pAix) < (0 + (l)A)e{x). 

This means that x is also in D^+^^, proving (ii). 

To prove {in) fix a compact set Q in X — B+(L) and a metric 0+ on L 
with strictly positive curvature current, such that 0+ is smooth with 
< on X. Let us first prove one side of the inequality, i.e. 

11 C 

(3.4) (j)^:= {(f)+ —(f)F)e 0F<0e + — 

mm m 

To this end first note that 0^ is a metric on L and there is clearly a 
constant C such that 



i>m < 0, dd'^(f)m > 'i'i'^C 



C 
— ( 

m 



Now let 0m,+ := (1 — m^'Pm + ^0+; defining another metric on L. Note 
that 

dd''^m+ > (1 - — )(-— rfrf'0+) + — rfrf"0+ = (— )2drf'=0+ > 
mm m m 

and since also 0m,+ < 4>, the extremal definition of 0e forces 0m,+ < 0e- 
But since 0+ is smooth on the compact set fl this proves 13. 4[ The other 
side of the inequality is obtained from 13.41 applied to 0' = + ^0f and 



The next theorem gives the regularity properties of the equilibrium 
metric 0e. 

Theorem 3.4. Suppose that L is a big line bundle and that the given 
metric (p on L is smooth (i.e. in the class C^). Then 

(a) (j)e is locally in the class C^'^ on X — B_|_(L) i.e. 0e is differentiable 
and all of its first partial derivatives are locally Lipschitz continuous there. 

(b) The Monge-Ampere measure of 0e on X — B_|_(L) is absolutely 
continuous with respect to any given volume form and coincides with the 
corresponding {n,n)—form obtained by a point-wise calculation: 

(3.5) {dd'^cpeT = det(rfrf'=0e)cj„ 

(c) the following identity holds almost everywhere on the set D—M^{L), 
where D = {0e = 0} : 

(3.6) det(rfrf'0e) = detidd^cp) 

More precisely, it holds for all x in D — M^{L) — G, where G is the set 
defined in the proof of (c). 

(d) Hence, the following identity between measures on X holds: 

(3.7) n\fi^ = lx-B+(L)(rfrf^0e)" = lD{dd'<pr = lDnx(o)(rfrf'0)" 
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Proof, (a), (6) and (c) will be proven in the subsequent section. To prove 
(d) first observe that the last equality in 13.71 follows immediately from 
proposition 13. l( m). The second equality in l3.7l is obtained by combining 
(c) in the stated theorem with the vanishing in proposition \3.lU i). Alter- 
natively, the vanishing is obtained by combining the bound 14.131 applied 
to 0e = 0e with thcorcm 14.61 giving 

Finally, to obtain the vanishing of {dd'^(j)e)" on U{L) fl IB+(L) one can 
use the well-known local fact [28] that the Monge-Ampere measure of a 
locally bounded psh function integrates to zero over any pluripolar set 
(in particular over any local piece of B+(L)). □ 

Remark 3.5. For a general line bundle L the equilibrium metric 0e is an 
example of a metric with minimal singularities in the sense that for any 
other metric 0' in C{x,l) there is a constant C such that 

0' < 0e + C 

on X (when such an inequality holds 0' is said to be more singular than 
0e) Such metrics play a key role in complex geometry |T9]. 

3.1. The proof of C^'^— regularity away from the augmented base 

locus. As in where the manifold X was taken as C", the proof is 
modeled on the proof of Bedford-Taylor [2],[29l[I7] for C^'^— regularity of 
the solution of the Dirichlet problem (with smooth boundary data) for 
the complex Monge-Ampere equation in the unit-ball in C". However, 
as opposed to and the unit-ball a generic compact Kahler manifold 
X has no global holomorphic vector fields. In order to circumvent this 
difficulty we will reduce the regularity problem on X to a problem on 
the manifold Y, where Y is the total space of the dual line bundle L*, 
identifying the base X with its embedding as the zero-section in Y. To any 
given (possibly singular) metric on L we may associate the logarithm 
X4, of the "squared norm function" on Y, where locally 

(3.8) x^{z,w) = \n{\w\^) + <P{z), 

in terms of local coordinates Zi on the base X and w along the fiber of 
L* . In this way we obtain a bijection 

(3.9) ^{X,L) ^ ^Y, Xct> 

where Cy is the class of all positively logarithmically 2-homogeneous 
plurisubharmonic functions on Y : 

(3.10) Cy := {X e PSH{Y) : x(A-) = ln(|A|') + x(-)}, 

using the natural multiplicative action of C* on the fibers of Y over X. 
Now we define 

(3.11) Xe := sup{x e £y : X < X0 onF}). 

Then clearly, Xe corresponds to the equilibrium metric 0e under the bi- 
jection 13. 9[ 
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In the following we will denote by tt the projection from Y onto X 
and by j the natural embedding of X in Y. We will fix a point yo in 
F— (j(X)U7r~^(B+(L)). Then there is a divisor (appearing in a Kodaira 
decomposition as in formula 12731 ) such that yo is in F — {j{X) U 7r^^(_E')). 
Since clearly {k(j))e = kcj)^ we may (since we are only interested in the 
regularity of 0e) without loss of generality assume that k appearing in 
formula [2T3] is equal to one. Moreover, we fix an associated metric 0+ (as 
in formula YTM that we write as 

0+ := (t)A + ln|e|^ , 

using the suggestive notation e for the defining section of E, and e{z) for 
any local representative. We may assume that 0+ < 0e- Later we will 
also assume the normalization X(f>e{yo) = 0- 

Existence of vector fj,elds. The next lemma provides the vector fields 
needed in the modification of the approach of Bedford-Taylor. 

Lemma 3.6. Assume that the line bundle L is big. For any given point 7/0 
in Y —[j {X){j7r~'^ (E)] there are global holomorphic vector fields Vi, 
(i.e. elements of H^(Y,TY)) such that their restriction to yo span the 
tangent space TYy^. Moreover, given any positive integer m the vector 
fields may be chosen to satisfy 



(3.12) ii) m < cuHr, in) m < cu\e{z)\r 

locally on the set {x^,^ ^ 1} F (in the following we will fix some Vi 
corresponding to m = 2). 

Proof. First note that Y may be compactified by the following fiber-wise 
projectivized vector bundle: 

Y := ¥{L* ©C), 

where C denotes the trivial line bundle over X. Denote by C(l) the line 
bundle over Y whose restriction to each fiber (i.e. a one-dimensional 
complex space P^) is the induced hyperplane line bundle. Next, we equip 
the line bundle 

L:= (7r*(L'=o)®0(l)) 

over Y, where vr denotes the natural projection from Y to X, with a 
metric defined in the following way. First fix a smooth metric 0^; on 
the line bundle [E] over X. Then 

1 1 2 

0+,fco := (0A 7^(t>E) + (1 + In |e| 



Vko Vko 
is a metric on L such that dd^cj)^ > dd^(f)A/'2 for fco >> 1. Hence, 

0:=7r*(A;o0+,fco)+ln(l + e^^) 

is a metric on L over Y (extending to Y) with strictly positive curvature 
currrent on F, if /cq >> 1- Now fix a point yo in (Y — {j{X) U 7r~^{E). 
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We can apply (ii) in theorem 12.41 to the bundle L'^^ ® TY over Y for ki 
sufficiently large. Restricting to y in y then gives that TY ® ti*{LY^^^ 
is globally generated on Y (since 0{1) is trivial on Y). Finally, observe 
that 

vr*(L) = (7r*(L*))-i = [X]-\ 

where [X] is the divisor in Y determined by the embedding of X as the 
base. Indeed, X is embedded as the zero-set of the tautological section 
of 7r*(L*) over Y{= L*). Hence, the sections of TY ® 7i*{L)'"^ may be 
identified with sections in TY vanishing to order ko on X. This proves 
(i) in l3.12[ Moreover, by construction the vector fields Vi satisfy 

\Vi{z,w)\ < C (\wt' \e{z)\'''^^'^^^ \w\ 



on any fixed neighbourhood in Y over the divisor E in X. Choosing ko 
and ki sufficiently large then gives 

mzM\<Crn{\w\\e{z)\f^^'^+'\e{z)r. 

Since, the factor \w\ \e{z)\ is bounded on the set {x</,^+in|e|2 — 0} this 
proves {ii) in l3.12[ □ 

Existence of the flow. For any given smooth vector field V ow Y and 
compact subset K of F, we denote by exp(tl^) the corresponding fiow 
which is well-defined for any "time" t in [0,tj^], i.e. the family of smooth 
maps indexed by t such that 

(3.13) jJ{eMtV){y)) = df[VU^tv)(y) 

for any smooth function / and point y on Y. We will also use the notation 
exp(l^) := exp{lV). 

Combining the previous lemma with the inverse function theorem gives 
local "exponential" holomorphic coordinates centered at yo, i.e a local 
biholomorphism 

C-+'^U{y), A^exp((\/(A)M, ^A) := A,V^,) 
We will write 

f = (exp(\/(A))7 

for the induced additive action on functions / (where the fiow is defined). 
Using that the vector fields Vi necessarily also span TYy-^ for yi close to 
yo it can be checked that in order to prove that a function / is locally 
Lipschitz continuous on a compact subset of Y it is enough to, for each 
fixed point y^, prove an estimate of the form 

(3.14) \f\yo)-f{yo)\<C\X\ 

for some constant C only depending on the function /. Since we will 
later take / to be equal to Xcpe also, by homogenity, assume 

that X(f)eiyo) = 0. In order to define the fiow on a neighbourhood U of 
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the whole levelset {x^^ = 0} (which is non-compact unless is locally 
bounded) we will use a compactification argument: 

Lemma 3.7. There is a positive number to such that the flow expiV {X)y) 
exists for any {\,y) such that \X\ < to (ind y is in U := {x^,^ < !}• 

Moreover, if (p' is a fixed metric on L such that 0' — 51n|e| is smooth, 
for some number 6, then there are constants Ca such that 

(3.15) KJx'4>'-X^')\<C.\M 

on U Pi 7r~^(X — E) over any fixed z— coordinate hall in X, in terms of 
the real local derivatives of multi order a and total order less than two. 

Proof. Denote by Y' the total space of the ample line bundle L ®[EY^ 
over X and denote by vr' the corresponding projection onto X. Then 

Y n 7r^^(X — E) is biholomorphic to Y' fl 7r'~^(X — E) under the map $ 
which may be locally represented as 

(3.16) $ : {z,w) ^ {z',w') := {z,e{z)w). 

Note that $ maps the set {x4>+ < 1 to the set {x<f>A — Given a 
vector field V on Y n n^^{X — E) denote by V the vector field $*V^ on 
Y' n tt'~^{X — E). Now fix a point in E corresponding to 2; = in some 
local coordinates {z, w) for Y. Then the following local bound holds on 
the set {X(f>A < 1} in over X — E : 

(3.17) \V:iz',w')\<C\eiz')\. 

Indeed, writing Vi{z,w) = Vi^z{z,w)-^ + Vi^w{z,w)-^ and similarly for 

VI {z' ^ w') gives 

(3.18) 

deiz) 1 

v[^^,{z',w') =Vi^,{z,w), vl^,{z',w') = Vi^;,{z,w)—^-^w'+Vi^^{z,w)e{z) 

Hence, chosing vector fields Vi corresponding to m = 2 in (ii) in lemma 
13.61 ensures that 13.171 holds. 

Now fix a vector A and write A = ta, where |A| = t. Let V be the vector 
field on Y defined by the relation V^(A) = tV. By the local bounds [3. 171 V 
extends to a holomorphic vector field on the set {X(f>A — 1} in V such that 

V vanishes identically on n'~^{E). Since, {y' : XckA^y') — 1} i^ compact 
in Y' the fiow exp(tV"')(?/') is well-defined for \t\ < to- Moreover, since V 
vanishes identically on 7!-'~^{E) the set 7i'~^{X — E) is invariant under the 
flow. By the isomorphism $ in 13.161 this proves the existence of the flow 
stated in the lemma under the assumption that y G Tr~^{X — E). But by 
the local bound {ii) in lemma [3^ the flow does extend holomorphically 
over 7r-i(X - E). 

To prove 13.151 note that since x<i>' is smooth over X — E the deflning 
property 13.131 of the flow gives 

A 



(3.19) Xci,'-X<P'= dx<f,'[V{X)]e^p(tv(x){y)dt 
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Hence, since 

yW ■= \M (E j^i^i), the constant Co in lTTBl may be taken 

to be 

Co = sup |(ix</.'[V^,]s,| < oo 

y&UnTv-^{X-E) 

To see that Co is finite it is, by the compactness of X, enough to prove the 
bound over any 2;— coordinate ball in X. First consider local coordinates 
{z, w) on Y where z is centered at a point in X — E. Then 



(3.20) 



\dxAn\ 



w oz 



< C 



using the bound {i) in lemma [3T6] for the first term in the right hand side 
above and the assumption that 0' is smooth on X — E for the second 
term. Finally, consider the case when z is centered at a point in E. Then 



b'{z) 



dz 



<C + 6 



1 de{z) 



eiz 



dz 



<C + C' 



eiz 



Hence, the bound [3^20] still holds, using that m(:= 2) > 1 in the local 
bound (a) on Vi in lemma [321 

Finally note that the bounds for Ca when the total degree of a is two 
may be obtained in a completely similar maner, now using that m = 2 



to handle the factors 



e{z) 



and 1 — 1 



□ 



Homogenization. To a given psh function g{y) (defined on some disc sub- 
bundle of Y) we will associate the following S*^— invariant psh function: 

(3.21) giy) := u.s.c( sup g{e'%)) 

ee[o,27r[ 

using the natural multiplicative action of C* on the fibers of Y over X, 
where u.s.c. denotes the upper-semicontinous regularization (using that 
the family g{e^^-) of psh functions is locally bounded from above [28]). 

The following simple lemma will allow us to "homogenize" in the normal 
direction of F, as well: 



f is 



Lemma 3.8. Suppose that the function f is S^ — invariant and psh on 
some disc subbundle UofY containing the set {/ < c} in {Y — n 
where E is an analytic variety in X. Moreover, assume that {i 
strictly increasing along the fibers ofY over X and (ii) f < c on the base 
X and f > c on dU. Then there is a function f in the class Ly such that 
f = f on the set {/ = c}. 

Proof. It is enough to construct such a function / on Y—n^^^E)). Indeed, 
then / is locally bounded from above close to 7i~^{E)) and hence extends 
as a unique psh function to Y ^28j (more generally E may be allowed to be 
locally pluripolar) . Hence we we may without loss of generality assume 
that E is empty in the following. First we will show that /~^(c) is an 
S"^— subbundle of Y over X, i.e. the claim that the equation 

ficr) = c 
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has a unique solution on 7r~^(x), modulo the action of S^, for each fixed 
point X in X. To this end we identify the restriction of / to n~^{x) with 
a convex function g{v) of f = ln|w|^ (using that / is S'^— invariant and 
psh). In particular, g is continuous. By the assumption (i) the equation 
g{vo) = c has at most one solution. Moreover, by (ii) and the fact that 
g is continuous the solution Vq does exist. This proves the claim above. 
Now define 

7(m):=ln(r2) + /(a). 

To see that / is psh, we may, since the problem is local, assume that X 
is a ball in C". Write f{z,w) = (t){z) + In \wf and note that 

n = un {0(2) + In \wf <c} = un{f <c} 

using that / is strictly increasing along the fibers. Since / is psh it follows 
that dQ is pseudoconvex. A classical result of Bremermann [12] for such 
Harthogs domains Q now implies that (j){z) and hence f{z, w) is pshQ □ 

Lemma 3.9. For each X (with sufficiently small norm) the function f = 
X^^ satisfies the assumptions in the previous lemma with c = C\ = x^^ ivo) 
and U = {x^^ < 1}. 

Proof. Given local coordinates on U, let 

fx{z,w) := X^,{z,w) -ln|u;|^ = [(j)^{z,w) + {{\n\wf)^ - ln|w|^)]. 

Since (f)'^{z,w) is psh (a local version of) 13.151 in lemma ISTT]) applied to 
0' = In \ wf gives 

dwdw ~ 

Note that the constant C may be taken to be independent of the local 
coordinates as in the proof of 13.151 in lemma 13.71 since the base X is 
compact. Now write 

=g-C\X\ \wf + ln\wf 

with ^ = /A + C'|A||iy|^|l By the maximum principle ^ in the definition 
13.211 is always increasing in v := ln|w|^. Hence the (right) derivative of 

the convex function x^^ with respect to v (with the variable z fixed) is 
positive (and almost equal tol) for A sufficiently small. This proves (i). 
To prove (ii) first observe that 

(3.22) CA:=4;(yo)<l/2 

"^alternatively one can, by local approximation, reduce to the case when / is smooth 
and c regular. Then dd*^/ = {f / f)d(Ff > along T^'°(9J7) and hence, by homogene- 
ity, / is psh on Y. 

^over a neighbourhood of E we use the local coordinates {z' , w') so that the function 
is uniformly bounded on U. 
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for all A (with sufficiently small norm). Indeed, by upper semi-continuity 

limsup;,^oX^,(l/o) < X^eiVo) = 0. Hence, li22J holds (after possibly re- 
placing the upper bound to on |A| with a smaller number). Next, note 

that by the extremal definition of 0e we have > on Y. By 13.221 
and the definition of U it is hence enough to prove that > X<t>+ "C* |A| 
on U. But this follows from 13.151 in lemma [3771 applied to 0' = 0+. □ 

3.1.1. Proof of (a) — (c) in theorem \3^\ To prove (a) it is, by the bijection 
13.91 equivalent to prove that Xe (defined by 13. lip is locally C^'^ on F — 
[j(X)U7r~i(B+(L)]. 

Proof. Stepl: Xe{-= X4>e) locally Lipschitz continuous onY — (j(X) U 
7r-i(B+(L)). _ 

To see this fix a point yo as above. From the definition 13.211 of (■) we 
have an upper bound 

xt(z/o) < xl(yo) = X0,(?/o), 

where is the function in the class £y, extending x^^ from the level 
set 

Mx:= {y: 4;(y)=iJ;(yo)}ct/ 

obtained from lemma 13.91 Since, by definition, x^^ ^ X^ we have the 
following bound on the level set M\ : 

(3.23) X^{{^My{>^Wy)< sup xA(^'%)+c\\\, 

6'6[0,27r] ee[0,27r] 

using that x<t> is smooth in the last inequality so that 13.151 in lemma 13.71 
can be applied. Since x<i> is 5*^— invariant 13.231 gives that 

(3.24) ^^_C|A|<X0 

on the level set Mx and hence, by homogeneity, on all of Y. This shows 

that the function x^^ ~ C'|A| is a contender for the supremum in the 
definition 13.111 of Xe and hence bounded by Xe- All in all we get that 

xlSy^)<x^^Sy^)<x4>Xyo) + c\\\. 

The other side of the inequality 13.141 for / = x^^ is obtained after replac- 
ing A by —A. 

Step2: dxe exists and is locally Lipschitz continuous onY — X. 
Following the exposition in [17] of the approach of Bedford- Taylor it 
is enough to prove the following inequality: 

(3.25) {x-^^{yo) + xi{yo))/2 - xM < C \\\\ 

where the constant only depends on the second derivatives of x^- Indeed, 
given this inequality (combined with the fact that x<f>e is psh) a Taylor 
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expansion of degree 2 gives the following bound close to yo for a local 
smooth approximation Xe of X4>e '■ 

\D\e\<C 

where Xe '■= X<t>^ * "^e^ using a a local regularizing kernel and where 
D'^Xt denotes the real local Hessian matrix of Xip^- Letting e tend to 
then proves Step 2. Finally, to see that the inequality 13.251 holds we apply 
the argument in Step 1 after replacing x^^ by the psh function 

to get the following bound on the level set {y : g{y) = 'g{yo)} '■ 

g{y) < My) < sup {x^i{eMV{\Wy) + xd^MV{-\Wy))/2 

0e[O,27r] 

Next, observe that for each fixed 9 the function x</>(c*^2/) is in the class C^. 
Hence, a Taylor expansion of degree 2 in the right hand side of formula 
13.191 gives 

my)< sup iix^e'S)) + c \x\') = xdy) + c \xf 

6»e[0,27r] 

where the constant C may be taken as a constant times sup^ {D'^x<j>Vj V)r, 

in terms of some fixed metric r] on TY. This shows that ^—C |A|^ is a con- 
tender for the supremum in the definition 13. Ill of Xe and hence bounded 
by Xe- All in all we obtain that 

g{yo)<xM+c\\\\ 

which proves the inequality 13.251 finishing the proof of Step2. 
(c) To see that 13.61 holds, it is enough to prove that locally 

almost everywhere on D = {0e = 4>}, where real coordinate on 

r2'^(= C"). To this end let ip := - ^ and let A := {ip = 0, dip 0}. 
By (a) above ^ is a C^— function and hence A is a real hypersurface 
of codimension 1 and in particular of measure zero (w.r.t. Lesbegue 
meaure). Next, let / := dip (considered as a local map on M^") and let 
Bi be the set where the derivative df (i.e the matrix {dfi, ...,df2n) does 
not exist. Since, by (a) / is a Lipshitz map it is well-known that Bi also 
has measure zero. Finally, let B2 be the set where f = 0, df exists, but 
df 0. Now using a lemma in [27] (page 53) applied to the Lipshitz map 
/ gives that B2 too has measure zero. Finally, let G := A[J Bi[J B2. 
Then G has measure zero and 13.261 holds on (X — B+(L)) — G, proving 
(c). □ 

Remark 3.10. Suppose that L is ample and fix a smooth metric 0+ on 
L with positive curvature. Then ujj^ := dd^cpj^ is a Kahler metric on X 
and the fixed metric on L may be written as (p = « + where u 
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is a smooth function on X. Now the pair {ue, M) where Ue := 0e — 0+ 
and M is the set X — D, may be interpreted as a "weak" solution to the 
following free boundary value problem of Monge-Ampere typd: 

{dd^Ue + 00+)'' = onM 
Ue = u ondM 
dUe = du 

The point is that, since the equations are overdetermined, the set M is 
itself part of the solution. In [25] the C^'^— regularity of 0e in the case 
when X = C (corresponding to the setup in [32j) was deduced from the 
regularity of a free boundary value problem. 

4. Bergman kernel asymptotics 

Recall that H{X, E{k)) denotes the Hilbert space obtained by equip- 
ping the vector space H'^{X, E{k)) with the norm [L9l Let (ipi) be an 
orthonormal base for H{X, E{k)). The Bergman kernel of the Hilbert 
space 7Y(X, E{k)) is the integral kernel of the orthogonal projection from 
the space of all smooth sections with values in E{k) onto 7i(X, E{k)). It 
may be represented by the holomorphic section 

(4.1) Ku{x, y) = Y^ '^p^{x) ® iJ^. 



of the pulled back line bundle E{k) Kl E{k) over X x X. The restriction 
of Kk to the diagonal is a section of E{k) E{k) and we let Bk{x) = 
\Kk{x^x)\i^^_^^^ (= \Kk{x,x) \ e~(^''^(^')+'^-p)) be its point wise norm: 

(4.2) Bkix) = J2\i^^i^)f 



k4>+4>F ' 



We will refer to B^^x) as the Bergman function of H{X, E{k)). It has 
the following extremal property: 

(4.3) Bk{x) = sup||afc(a;)|^^+^^ : G n{X,E{k)), < l} 

Moreover, integrating [1]2] shows that B^ is a "dimensional density" of the 
space n{X, L^) : 

(4.4) / BkUn = diYii'H{X,E{k)) 

Jx 

The following "local Morse inequality" estimates Bk point- wise from above 
for a general bundle: 

Lemma 4.1. (Local Morse inequalities) On any compact complex man- 
ifold the following upper hound holds: 

k-''Bk<Cklxm det(cid=0), 



^since there is a priori no control on the regularity of the set M, it does not really 
make sense to write dM and the boundary condition should hence be interpreted in 
a suitable "weak" sense. 
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where the sequence Ck of positive numbers tends to one and X{0) is the 
set where dd'^cp > 0. 

See [3j for the more general corresponding result for 9— harmonic (0, g)- 
forms with values in a high power of an Hermitian line bundle. The 
present case (i.e. g = 0) is a simple consequence of the mean-value 
property of holomorphic functions applied to a poly-disc of radius 
\nk/\/k centered at the origin in C" (see the proof in |4|). In fact, the 
proof gives the following stronger local statement: 
(4.5) 

lim^supfc-"|/,(^/v^)|%-('='^+^-)«^/^VllMl'^+^„A, < IxmiO) detidd^4 

where fk is holomorphic function defined in a fixed neighbourhood of the 
origin in C". 

The local estimate in the previous lemma can be considerably sharp- 
ened on the complement of the globally defined set D (formula 13. 3p , as 
shown by the following lemma: 

Lemma 4.2. Let (f) be a smooth metric on a holomorphic line bundle L 
over a compact manifold X. 

(i) if Bk denotes the Bergman function of the Hilbert space T-[{X,L''), 
then the following inequality holds on all of X: 

(4.6) 5fcA;"" < Ckt-^^^-'*'^^ 

where the sequence Ck of positive numbers tends to sup^^^ det((i(i'^(/)). 

(a) If L is big and Bk now denotes the Bergman function of the Hilbert 
space 7i{X, E{k)), then the inequality \4.6\ holds on any given compact 
subset of X — B+(L) if Ck is replaced by a large constant C (depending 
on the compact set). 

In particular, in both cases 



(4.7) lim / k-'^BkUJn = 

Proof. Let us first prove (i). By the extremal property 14.31 of Bk it is 
enough to prove the lemma with Bkk~''^ replaced by lafcl^,^, locally rep- 
resented by Ifkle''"^, for any element ak in ?i(X, L^) with global norm 
equal to /c~". The Morse inequalities in the previous lemma give that 

with Ck as in the statement of the present lemma. Equivalently, 

iln|M2-iCfc<0 

Hence, the singular metric on L determined by ^ In — |Cfc is a can- 
didate for the sup in the definition 13.11 of 0e and is hence bounded by (j)^. 
Thus, 

Bkk-'' = \fk\'e-'"f'<Cke^'^^e-''''. 
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The proof of (ii) is completely analogous if one takes into account that 
ln|/fc|^ is now a metric on E{k) = ® F and uses {ii) in proposition 
I3.3[ Finally, the vanishing 14.71 follows from the dominated convergence 
theorem (using that the sequence B^k'^ is, by lemma 14.11 uniformly 
bounded on X), since the right hand side in the previous inequality tends 
point-wise to zero precisely on the complement of D. □ 

Remark 4.3. When L is ample the supremum, in the definition of Ck, in 
the previous lemma can be taken over the support of {dd'^(j)e)"', using a 
max/comparison principle. 

The following lemma yields a lower bound on the Bergman function. 

Lemma 4.4. Let L be a big line bundle, then the following lower bound 
holds at almost any point x in D n X{0) : 

(4.8) liminf > (dd'=0)"/n! 

k 

Proof. Stepl: construction of a smooth extremal ak- Fix a point Xq in 
D n X(0) — B+(L) — G, where G is the set of measure zero appearing in 
the proof of (c) in the regularity theorem 13. 4[ First note that there is a 
smooth section ak with values in E{k) such that 

(4.9) (i) lim ^^^^iii^^cu, = {dd'^r, (zz) \\dak\\l^ < Ce-'^/^ 

II '^''k(f)+<j)p 

To see this take trivializations of L and F and local holomorphic coor- 
dinates Zi centered at Xq (and orthonormal at Xq) such that 0^(0) = 
and 

(4.10) 0(^) = (Er=iA.k.|' + O(kr)) 

with Aj the positive eigenvalues of {dd'^cf))^^^ w.r.t the metric u p3j. Fix 
a smooth function x which is constant when \z\ < 6/2 and supported 
where \z\ < 6; the number 6 will be assumed to be sufficiently small later 
on. Now CTfc is simply obtained as the local section with values in L'' 
represented by the function x close to xq and extended by zero to all of 
X. To see that (i) holds note that, using [4T0l 

Wkll^i^o) x(0) 
lim ^ = lim 



IWkWl^^^, ^"■4|<fc-i/2ln.e-'=^r..A.|.,|^^(0)a;„(0)' 

where co'n(O) is the Euclidian volume form in C" (since Zi are assumed 
to be orthonormal w.r.t u at 0). Evaluating the latter Gaussian integral 
then gives the limit (l/7r)"AiA2 ■ ■ ■ A„, proving (i) in I4.9[ To prove (ii) 
in 14.91 first note that 

\\dak\t., <C I e-'=(<^(^)+(<^^(^)-*(^))a;„(0), 

V^-rvF J&/2<\z\<S 

as follows from the definition of x- Hence, {ii) follows from the fact that 
(4.11) \z\<5^ <p{z) + {<j)e{z) - <p{z)) > inf Ai \z\ /2 
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for 6 sufficiently small, if xq is in the set DnX{0) — B+(L) —G. To prove 
I4.11l fix 2; 7^ and let ■?/'(?/) := 0e(yjf|) where y is a non-negative 

number. By the regularity theorem 13.41 m is in the class C^. Hence, since 
Xq is in D (where ip = 0) 



ry 


dip 


Jo 


ds 



{s)ds. 



Moreover, since xq is in D—M+{L)—G, we have ^(0) = and lims^o ^(■s)/-? 
0. In particular, for any given positive number e we have that 

ry 

.2 



my)\ < / esds = eyy2 
Jo 

for y < S, if S is sufficiently small. Combining the latter estimate with 
14.101 then proves [4m and finishes the proof of (ii) in l4.9[ 

Step2: perturbation of ak to a holomorphic extremal au- Equip E{k) 
with a "strictly positively curved modification" ipk of the metric kcpe + 
(pF furnished by lemma [2751 Let gk = da^ and let be the following 
holomorphic section 

Oik ■= o-k - Uk, 

where Uk is the solution of the 9-equation in the Hormander-Kodaira 
theorem 12.31 with = dak- Hence, 

\\uk\\^^ < C \\gk\\^^ 

Next, applying 12.71 to the right hand side above (using that gk is sup- 
ported on a small neighboorhood of G X — ]B+(L) and then 12.81 to the 
left hand side above gives 

— ^ \\9k\\k<j,^+4,p 

Finally, using that 0e < on all of X in the left hand side above gives 
(4-12) hkWkc^+c^p <C\\gk\\k4,^+^p 

and then (ii) in 14.91 in the right hand side gives 



\Uk\ 



k<p+(f> 



<Ce-^'/^, {h) \uk\'{x)<C'k-e-'/^\ 



where (6) is a consequence of (a) and the local holomorphic Morse in- 
equalities 14.51 applied to Uk at z = 0. Combining (a) and (6) with (i) 
in 14.91 then proves that (i) in 14.91 holds with ak replaced by the holo- 
morphic section ak- By the definition of Bk this finishes the proof of the 
lemma. □ 

Remark 4.5. For any line bundle L over X and (p' a given (singular) 
metric on L with positive curvature form Boucksom showed [10] that 



(4.13) liminf fc-"dimiy°(X,E(A;)) > f {{dd^')acT /n\, 

^ Jx 

where {dd'^(p')ac denotes the absolutely continious part of the the current 
dd'^cp'- Boucksom used Bonavero's strong Morse inequalities for singular 
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metrics with analytic singularities. However, when L is big the lower 
bound 14.131 follows from a variant of the proof of the previous lemma. 
To see this one first approximates 0' with a sequence 0'^ with analytic 
singularities (as in [lOj) and replace with the metric 

with strictly positive curvature form (since 0+ is of the form l2.1l) and the 
Hilbert space Ti.{X, E{k)) with the Hilbert space 7i(X, E{k), 0'^ ^) whose 
norm is defined with respect to the norm induced by the singular metric 
variant of the proof of the previous lemma then gives a lower 
bound on the corresponding Bergman function with replaced by 0'^,, 
for any point x in the complement of the singularity locus of 0'^,. Finally, 
integrating over X and then letting e tend to zero gives I4.13[ 

Theorem 4.6. Let be the Bergman function of the Hilbert space 
n{X,E{k)). Then 

(4.14) r"Sfc(x) ^ lonxio) det(rfrf^0)(x) 

for almost any x in X, where X{0) is the set where dd^cj) > and D is 
the set \3.3[ Moreover, the following weak convergence of measures holds: 

where is the equilibrium measure. 

Proof. Casel: L is big 

First observe that, by the exponential decay in lemma 

lim k-'^Bkix) =0, x E D" 

k~*oo 

Next, the local Morse inequalities (lemma [4?T1 ) give the upper bound in 
l4.14l on k~"-Bk{x) for any x in D and lemma [44l gives, since L is assumed 
to be big, the lower bound for almost any x in D, finishing the proof of 
I4.14[ Finally, the weak convergence follows from 14.141 combined with the 
uniform upper bound on fc~"i?fc(x) in lemma HH]) (using the dominated 
convergence theorem on X). 

Case2: L is pseudo-effective, but not big 

First note that the dimension of H^{X, E{k)) is of the order o(A;"), i.e. 

(4.15) lim / k-'^BkUJn = 0. 

To see this one argues by contradiction (compare proposition 6.6/ in [T9] ) 
: if the dimension would be of the order A;" a standard argument gives 
that H'^{X, E{k) ® A~^) has a section for k sufficiently large, if A is any 
fixed ample line bundle. But then 

= {A®F-^)(^E, 

^as a vector space the Hilbert space Ti.{X, E{k), 4>'^ consists of sections which 
have finite norm with respect to the singular metric 0^(1 — e) + £0+- 
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where E is an effective divisor. Since we may choose A so that A ® 
is ample this means that L has a metric with strictly positive curvature 
form (compare formula \2M . giving a contradiction. 
Now given [4T5l Fatou's lemma forces 

lim k~'^BkUOn{x) = 

fe— >oo 

for almost all x in X. Finally, to prove the vanishing of the positive 
measure iDnx(o) det {dd'^(j)){x) a.e. on X, equip the ample line bundle A 
with a metric 0a with positive curvature form. Then proposition 13.31 (i) 
gives that 



{dd''p(t)Y/n\< {dd\p(t) + <pATIn\. 

Using {ii) in proposition 13.31 and that dd'^pcj) < dd'^ijxp + (pA) then gives 
(4.16) 

{dd'(t)Y/n\ < p-" [ {dd\p(t)+(t)AT/n\ = p-"Vol(pL+A), 

Dnx{o) JDp^+^^nx{o) 

where we have applied case 1 to the big line bundle pL + A in the last 
step and used the definition 14.171 below of the volume Vol(L'). Now fix 
e > 0. By the "continuity" of the volume function (compare remark [4. lOp 
the right hand side is bounded by 

p-"Vol(pL) + e = e. 

Finally, letting p tend to infinity in 14.161 gives that Jj^^j^^Q^{dd'^(j))^/n\ 

must vanish, since e was arbitrary. 

CaseS: L is not pseudo-effective (and hence not big) 

In this case it follows directly from the definition that 0e = — oo and 

hence the set D is empty. □ 

Remark 4.7. As shown in the proof of lemma the set G of measure 
zero where the point-wise convergence in the previous theorem may fail, 
can be expressed in terms of the "derivatives" (up to order two) of 0e — 4>- 
The proof of lemma 14.41 also shows that the L^— convergence for the 
corresponding Bergman functions for weighted polynomials obtained in 
[5] can be improved to convergence on the complement of G. 

The volume of a line bundle is defined by the following formula [30] : 
(4.17) Vol(L) := limsupfc-"dimi7°(X,L^) 

k 

Integrating the convergence of the Bergman kernel in 14.61 combined with 
the previous corollary gives the following version of Fujita's approxima- 
tion theorem [22l[Tnl: 



Corollary 4.8. The volume of a big line bundle L is given by 
(4.18) Vol{L) = [ (dd^cPeT/nl 

and Vol{L) = precisely when L is not big. 
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Remark 4.9. Assume that L is big. Fujita's approximation theorem (as 
formulated in [30l[20j) may be stated as 

(4.19) Vol(L) = supA" 

A 

where the supremum is taken over the top intersection numbers of all 
ample line bundles A occuring in a decompostion 12.31 on some modifica- 
tion of X. In fact, Fujita's proved the upper bound on Vol(L) and the 
lower bound is considered to be substantially easier. The following two 
analytical versions are due to Boucksom [TO] : 
(4.20) 

Vol(L) = sup [ {d<f<P'Y/n\ = sup [ {{d<f<P')acT/n\ 

where C(^x.L),a denotes the subspace of metrics with analytical singu- 
larities and {{dd'^(f)')ac denotes the absolutely continious part of the the 
current dd'^cj)'. The equivalence between [4. 191 and the first equality in 14.201 
is simply obtained by taking a log resolution of the pair (X, {(j)' = — oo}) 
(compare [lOl)- The equivalence between 14.201 and corollary 14. 81 is essen- 
tially contained in the proof of theorem 14. 6t the lower bound on Vol(L) 
follows from 14. 13) and the upper bound from the fact that (dd'^^e)" real- 
izes the supremum in the last equality in 14.201 (and is approximated by 

(f)j in C(x,L),a)- 

Finally, a remark concerning the continuity of the volume function. 

Remark 4.10. As is well-known the volume is continous in the sense that 
for any line bundles L and F 

lim m-"Vol(mL + F) = Vol(L). 

m— >oo 

The continuity on the (open) cone of big line bundles is, for example, a 
simple consequence of the formula for Vol in corollary US] (compare |ro]). 
To get continuity up to the boundary of the big cone (for example that 
the limit is zero when L is non-big and pseudo-effective and F is ample) 
one can replace lemma [441 with the bound [4T3l (as in [ID]). For a more 
direct algebro-geometric argument see [30j (I prop. 2.2.35). 

4.1. The Bergman metric. The Hilbert space H{X,E{k) induces a 
metric on the line bundle L which may be expressed as 

0fc(x) := k~^\nKk{x,x) — kr^(f)p{x) 

When E{k) = and (pp = ^ this metric is in the class C(^x,l) and 
is often referred to as the kih Bergman metric on L. If L is an ample 
line bundle, then this is the smooth metric on L obtained as the pull- 
back of the Fubini-Study metric on the hyperplane line bundle 0{1) over 
P^(= P7^(X, L^)) (compare example 15.1 1 in section[5|) under the Kodaira 
map 

X P7^(X, L'^), (^i(x) : ^2(x)... : ^jv(x)) , 
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for k sufficiently large, where (\E'j) is an orthonormal base for H{X,L'') 
[23] . Note that the metric (pk on L is singular precisely on the base locus 
Bs{\E{k)\) and its curvature current is "almost positive" when k is large. 
The (almost positive) measures 

lx-Bs{\Eik)\)idd^ik'HiiKkix,x)))''/n\ 

on X will be referred to as the k th Bergman volume forms. 
Now we can prove the following theorem: 

Theorem 4.11. Let Kk be the Bergman kernel of the Hilbert space 
Ti.{X, E{k). Then the following convergence holds: 

(4.21) fc-Vfc ^ 0e 

uniformly on any fixed compact subset Q of X — B+(L). More precisely, 
g-/c(</'-</'e)Qi <Bk< Cnk'^e"^^^-^^^ 

Moreover, the corresponding k th Bergman volume forms converge to the 
equilibrium measure: 

(4.22) lx-Bsmm)(dd%k-^lnKk{x,x))Y/n\ fi^ 
weakly as measures on X. 

Proof. In the following proof it will be convenient to let C denote a 
sufficiently large constant (which may hence vary from line to line). First 
observe that when (F, (pp) is trivial taking the logarithm of the inequality 
14.61 in lemma [42] immediately gives the upper bound 

k~HnKk{x,x) < (f)e{x) +C\nk/k 

and the general case is completely analogous. 

To get a lower bound, fix a point xo in X — B+(L). By the extremal 
property 14.31 it is enough to find a section in T-C{X,E{k) such that 

(4.23) \M^o)\k^^+^,, > l/C \MxM+^, < C. 

To this end take a "strictly positively curved modification" ipk of the 
metric k(f)f, + (pp furnished by lemma [231 Then the extension theorem 
12.41 gives a section in TC{X,E{k) such that 

\(yk{xo)\^^ > l/C, \\oik\\x,i,^ - 

Applying 12.71 to the first inequality above and then 12.81 to the second one 
proves [4231 (also using that by definition 0e < 0)- 

To prove 14.221 first observe that the weak Monge-Ampere convergence 
14.221 on the open set X — B+(L) follows from the uniform convergence 
14.21! (see [24]). Finally, by general integration theory it is (by theorem 
13.41 (d) enough to prove 

lim / {dd''{k-HnKk{x,x)))''/n\= I {dd'^eTn/\ 

J X-Bs{\E{k)\) Jx-M+{L) 
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To this end first note that the weak Monge- Ampere convergence on X — 
B+(L) implies 

fiminf /" {dd'{k-HnKk{x,xW/n\> [ {dd'cpeTn/l 

J X-Bs{\E{k)\) Jx-B+iL) 

Next, applying formula [4.201 to 0' = \nKk{x,x) shows that the left hand 
side (but with limsup instead) is bounded by Vol(L) (compare remark 
I4.9p . By corollary 14.181 this proves 14.221 and finishes the proof of the 
theorem. □ 

For any line bundle L over X the intersection of the zero-sets of n 
"generic" sections in H^{X,L'') with X — Bs(|fcL|) is a finite number of 
points (as follows form Bertini's theorem [23]). The number of points 
is called the moving intersection number and is denoted by (fcL)'"!. The 
following corollary was obtained in pOj from Fujita's theorem (see [30] 
for further references). 

Corollary 4.12. If L is a big line bundle then 

Vol{L) = hm 

Proof. The proof follows immediately from (u) in theorem 14.111 and the 
following fact: 

n\{kLp = [ {dd%\nKkix,xW. 

The formula my be deduced by taking a log resolution of the pair (X, Bfc(L)) 
(compare [lO])- But it also follows from properties of "random zeroes", 
once one accepts that 



n\{kLp= [ %A...AZ^„ 



where Zf^ denotes the integration current determined by the zero-set of 
fi, is independent of a "generic" tuple (/i, ...fn) in {H^{X, L^Y . Indeed, 
by proposition 2.2 in [36| the right hand side may be written as 



/ E(Z;, A...AZ^J, 

J X-Mk 



where E(Z/j A...AZf„) denotes the expectation value (taking values in the 
space of measures)^ of the intersection of the zero currents of n random 
independent sections in 7i(X, V'). Changing the order of integration gives 

f E(% A ...) = E /" (% A ...) = n!E(fcL)["] = n!(fcL)["l 

□ 



^E{.) denotes integration with respect to the Gaussian probabihty measure on the 
product {H{X, L'')^ of Hilbert spaces. 
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4.2. The full Bergman kernel. Combining the convergence in theorem 
14.61 with the local inequalities 14.51 gives the following convergence for 
the point- wise norm of the full Bergman kernel Kk{x,y). The proof is 
completely analogous to the proof of theorem 2.4 in part 1 of [4]. 

Theorem 4.13. Let L be a line bundle and let be the Bergman kernel 
of the Hubert space TC{X, E{k)). Then 

as measures on X x X , in the weak ^-topology, where A is the current 
of integration along the diagonal in X x X. 

Finally, we will show that around any interior point of the set D fl 
X(0) — IB+(L) the Bergman kernel Kk{x,y) admits a complete local 
asymptotic expansion in powers of k, such that the coefficients of the 
corresponding symbol expansion coincide with the Tian-Zelditch-Catlin 
expansion (concerning the case when the curvature form of is positive 
on all of X; see [8] and the references therein for the precise meaning of 
the asymptotic expansion). We will use the notation (p{x,y) for a fixed 
almost holomorphic-anti-holomorphic extension of a local representation 
of the metric from the diagonal A in C" x C", i.e. an extension such that 
the anti-holomorphic derivatives in x and the holomorphic derivatives in 
y vanish to infinite order along A. 

Theorem 4.14. Let L be a line bundle and let be the Bergman kernel 
of the Hubert space T-C{X , L^) . Any interior point in Dr\X{0)—M^{L) has 
a neighbourhood where Kk{x,y)e~'''^^^^^'^e~'''^^'^^^'^ admits an asymptotic 
expansion as 

(4.24) P(det(dd"0)(a;) + 6i(x, y)k-^ + b2{x, y)k-^ + ...)e^'^(^'J'), 

where hi are global well-defined functions expressed as polynomials in the 
covariant derivatives ofdd'^cj) (and of the curvature of the metric u) which 
can be obtained by the recursion given in [8\. 

Proof. The proof is obtained by adapting the construction in [8], concern- 
ing globally positive Hermitian line bundles, to the present situation. The 
approach in [8] is to first construct a "local asymptotic Bergman kernel" 
with the asymptotic expansion 14.241 close to any point where (j) is smooth 
and dd'^cj) > 0. Hence, the local construction applies to the interiour of 
the set DnX{0) — B+(L) as well. Then the local kernel is shown to differ 
from the true kernel by a term of order 0{k~°°), by solving a 9-equation 
with a good L^— estimate. This is possible since dd^'cp > 1/C globally in 
that case. In the present situation we are done if we can solve 

(4.25) duk = gk, 

where gk is a (9— closed (0, 1)— form with values in L*^, supported on the 
interior of the bounded set D n X{0) — B_|_(L) with an estimate 

(4-26) \\uk\\k^^^^ < C \\gk\\k^+^^ 
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To this end note that proceeding precisely as in step 2 in the proof of 
lemma [441 gives according to formula [4.121 a solution Uk satisfying 14.261 
but with replaced with 0e in the norm of gk- However, since (j)e = ({) 
on the set where gu is assumed to be supported this does prove 14.261 and 
hence finishes the proof of the theorem. □ 

5. Examples 

Finally, we illustrate some of the previous results with the following 
examples, which can be seen as variants of the setting considered in [5]. 

Example 5.1. Let X be the n— dimensional projective space P" and 
let L be the hyperplane line bundle 0{1). Then H'^{X,L^) is the space 
of homogeneous polynomials in of degree k in the n + 1 homogeneous 
coordinates Zo, Zi, ..Zn- The Fubini-Study metric (pps on 0{1) may be 
suggestively written as (ppsiZ) = \ia{\Zf) and the Fubini-Study metric 
cufs on P*^ is the normalized curvature form dd'^cpps- Hence the induced 
norm on H^{X, L^) is invariant under the standard action of SU{n + 1) 
on P". We may identify with the "affine piece" P" — H^o where H^o 
is the "hyperplane at infinity" in C" (defined as the set where Zq = 0). 
In terms of the standard trivialization of C(l) over C" (obtained by 
setting Zq = 1) the space H^{Y,L^) may be identified with the space of 
polynomials fk{C) in of total degree at most k and the metric (pps on 
(9(1) may be represented by the function 

0^5(0 =ln(l + Id'). 

Moreover, any smooth metric on 0{1) may be represented by a function 
0(C) satisfying the following necessary growth condition!^ 

(5.1) -C + ln(l + Id') < 0(0 < ln(l + Id') + C, 
which makes sure that the norm [L9l expressed as 

is finite when fk corresponds to a section of the k th power of 0(m), 
for m = 1. In particular, any smooth compactly supported function xiC) 
determines a smooth perturbation 

(5.2) 0x(C):=0F5(C) + x(C) 

oi (pFS on 0{1) over P", to which the results in section [3] and [H apply. 

The next class of example is offered by toric varieties. 

Example 5.2. Let A be a Delzant polytope in obtained as the convex 
hull of points in Z" (see [1]) It induces a triple {X L (j)^), where X a, 
is an n— dimensional complex compact projective manifold on which the 
complex torus C*" acts effectively with an open dense orbit and (L a, 0a) 



in order that 4> extend over the hyperplane at infinity to a smooth metric further 
conditions are needed. 



BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR LINE BUNDLES OVER PROJECTIVE MANIFOLDJ 



is an Hermitian positive line bundle, invariant under the action of T"- 
(the real torus in C*"). The curvature form dd'^(f) defines a T"— invariant 
Kahler metric on Xa- Identifying C*" with an open dense set in X a, 
the space H^{X a,L^) may be identified with the space spanned by all 
monomials with a a multi-index in the scaled polytope kA and the 
metric 0a may be identified with a plurisubharmonic function on C*" : 

|2\ 



aeAnZ" 

Writing Vi := ln(|2;j|^) identifies 0a (-z) with a convex function on M" 
that we, by a slight abusive of notation, denote by 0a (w)- Now any real 
smooth compactly supported function x(f ) on M" induces a perturbation 
:= 0A + X5 yielding a new smooth T"— invariant metric on La- In this 
notation the almost everywhere convergence of the Bergman function 
(theorem I4.6p may be written as 

where {p, v) and dv denote the Euclidian scalar product and volume form, 
respectively. 

Note that in the logarithmic coordinates Vi we have that { q^.q^. ) = 

( g^^ )/4. Hence, it follows (more or less from the definition) that the 
graph of the equilibrium metric 0e determined by is simply the convex 
hull of the graph of considered as a function of v. In particular, in the 
"generic" toric case 0e will not be in the class C^. Indeed, consider for 
example the case when n = 1, so that Xa = P^, and take 0(w) to be 
an even function with two non-degenerate minima at ±a (figure 11.11 in 
section T>. Then 5J(a) > 0, but ^(a - e) = if < e < 2a. Note 
that if we deforme in such a way that 0e is unchanged (figure 15. ip , 
then the leading Bergman kernel asymptotics for the Bergman function 
Bk given by theorem 14.61 are also unchanged. However, the exponential 
decay of B^. in the complement of the set D does change. For example, 
by theorem 14. lit 

lim inf(5fc)i/'= = e-'^'^P^(<^--<^), 

A;— >oo X 

i.e. minus the exponential of the limit equals the supremum of the dis- 
tance between points on the graph of and points on the graph of 0e. In 
[24] the limit in the left hand side above is called the Tchebishev constant 
and the right hand side the Alexander capacity (associated to the tripple 
(X,L,0)). 

The following basic example of a big (non-ample) line bundle shows 
that 0e may be singular on all of B+(L) : 

Example 5.3. Let X be the blow-up of and denote by vr the projection 
(blow-down map) from X to P^. Let L = tt*0{1) [E], where E is the 
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Figure 5.1. The picture represents the graph of a metric 
on C(2) over P^, in logarithmic radial coordinates, which 
is a compact perturbation (0 = 0a +x) of the Fubini-Study 
metric 0a(^^)(= ln(e~^ + e") + C). Deforming without 
changing the "convex hull" 0e does not change the leading 
Bergman function asymptotics. 

exeptional divisor. Since, /^Ci(L) < any element of C{x±) is identically 
equal to — oo on E. Moreover, as is well-known E = B+(L). In particular, 
0e = — OO on IB+(L). 
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